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The general features of the evolution of the Yukawa coupling constants and seesaw operators in
the universal seesaw model with detMF = 0 are investigated. In the model, not only the magnitude
of the Yukawa coupling constant (Y uL )33 in the up-quark sector but also that of (Y
d
L )33 in the down-
quark sector is of the order of one, i.e., (Y uL )33 ∼ (Y dL )33 ∼ 1. The requirement that the model
should be calculable perturbatively, i.e., |Y fij |2/4pi ≤ 1, puts some constraints on the values of the
intermediate mass scales and tan β (in the SUSY model).
I. INTRODUCTION
Recently, there has been considerable interest in the
evolution (energy-scale dependency) of the Yukawa cou-
pling constants of quarks and leptons. If we intend to
build a model which gives a unified description of quark
and lepton mass matrices, we cannot avoid investigat-
ing evolutions of the Yukawa coupling constants. The
recent study on the quark masses and mixings has been
given, for example, in Ref. [1]. Especially, recently, the
evolution of the neutrino seesaw mass matrix has been re-
ceived considerable attention (for example, see Ref. [2])
in connection with the energy-scale dependence of the
large mixing angle.
As one of such unified models, there is a non-standard
model, the so-called “universal seesaw model” (USM) [3].
The model describes not only the neutrino mass matrix
Mν but also the quark mass matrices Mu and Md and
charged lepton mass matrix Me by the seesaw-type ma-
trices universally: The model has hypothetical fermions
Fi (F = U,D,N,E; i = 1, 2, 3) in addition to the conven-
tional quarks and leptons fi (f = u, d, ν, e; i = 1, 2, 3),
and these fermions are assigned to fL = (2, 1), fR =
(1, 2), FL = (1, 1) and FR = (1, 1) of SU(2)L× SU(2)R.
The 6 × 6 mass matrix which is sandwiched between the
fields (fL, FL) and (fR, FR) is given by
M6×6 =
(
0 mL
m†R MF
)
, (1.1)
where mL and mR are universal for all fermion sec-
tors (f = u, d, ν, e) and only MF have structures de-
pendent on the flavors F . For ΛL < ΛR ≪ ΛS , where
ΛL = O(mL), ΛR = O(mR) and ΛS = O(MF ), the 3× 3
mass matrices Mf for the fermions f are given by the
well-known seesaw expression
Mf ≃ −mLM−1F m†R . (1.2)
Thus, the model answers the question why the masses
of quarks (except for top quark) and charged leptons are
so small compared with the electroweak scale ΛL (∼ 102
GeV).
Recently, in order to understand the observed fact
mt ∼ ΛL (mt is the top quark mass), the authors have
proposed a universal seesaw mass matrix model with an
ansatz [4–6] detMF = 0 for the up-quark sector (F = U).
In the model, one of the fermion masses m(Ui) is zero
[say, m(U3) = 0], so that the seesaw mechanism does not
work for the third family, i.e., the fermions (u3L, U3R)
and (U3L, u3R) acquire masses of O(mL) and O(mR),
respectively. We identify (u3L, U3R) as the top quark
(tL, tR). Thus, we can understand the question why only
the top quark has a mass of the order of ΛL.
Our interest is as follows: In the conventional model,
the Yukawa coupling constants yf of the fermions f
are given by yf = mf/〈φ0L〉. Only the Yukawa cou-
pling constants yt of the top quark t takes a large value
yt = mt/〈φ0L〉 ∼ 1. The other Yukawa coupling con-
stants yf are sufficiently smaller than one. On the con-
trast to the conventional model, in this USM, the ma-
trices mfL = Y
f
L 〈φ0L〉 are universal for all fermion sectors
f = u, d, e, ν, i.e., Y uL = Y
d
L = Y
e
L = Y
ν
L . Therefore, when
(Y uL )33 is of the order of one, the other (Y
f
L )33 will also be
of the order of one. We are afraid that in such a model the
Yukawa coupling constants have Landau poles at energy
scales lower than a unification energy scale µ = ΛX (so
that the model causes “burst” of Yukawa coupling con-
stants before going to the unification energy scale). One
of our interests is to investigate whether such a model
can provide or not a set of reasonable parameter values
under the conditions that the Yukawa coupling constants
(and also the seesaw operators mLM
−1
F m
†
R) do not have
the Landau poles below µ = ΛX .
We also take an interest in the “democratic” USM [4,5],
which is an extended version of USM and has success-
fully given the quark masses and the Cabibbo-Kobayashi-
Maskawa (CKM) [7] matrix parameters in terms of the
charged lepton masses. However, the study is only phe-
nomenology at the energy scale µ = mZ (mZ is the neu-
tral weak boson mass). Since the model is one of the
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promising models of the unified description of the quark
and lepton mass matrices, it is important to investigate
the evolutions of the mass matrices in the USM.
The democratic USM is as follows:
(i) The mass matrices mL and mR have the same struc-
ture except for their phase factors
mfR = κm
f
L ≡ κm0Zf , (1.3)
where κ is a constant and Zf are given by
Zf = diag
(
z1 exp(iδ
f
1 ), z2 exp(iδ
f
2 ), z3 exp(iδ
f
3 )
)
, (1.4)
with z21 + z
2
2 + z
2
3 = 1. (The fermion masses m
f
i are in-
dependent of the parameters δfi . Only the values of the
CKM matrix parameters |Vij | depend on the parameters
δfi ).
(ii) In the basis on which the matrices mfL and m
f
R are
diagonal, the mass matrices MF are given by the form
MF = m0λ(1+ 3bfX), (1.5)
1 =
 1 0 00 1 0
0 0 1
 , X = 1
3
 1 1 11 1 1
1 1 1
 . (1.6)
(iii) The parameter bf for the charged lepton sector is
given by be = 0, so that in the limit of κ/λ ≪ 1, the
parameters zi are given by
z1√
me
=
z2√
mµ
=
z3√
mτ
=
1√
me +mµ +mτ
. (1.7)
Then, the up- and down-quark masses are successfully
given by the choice of bu = −1/3 and bd = −eiβd
(βd = 18
◦), respectively. The CKM matrix is also suc-
cessfully obtained by taking
δu1 − δd1 = δu2 − δd2 = 0 , δu3 − δd3 ≃ π , (1.8)
However, when we take the evolution of the Yukawa
coupling constants into the consideration, we should con-
sider that the assumptions (i) and (ii) are required not at
the electroweak energy scale µ = ΛL, but at a unification
energy scale µ = ΛX , i.e., the assumptions (i) and (ii)
should be replaced with
Y fL (ΛX) = Y
f
R (ΛX) = ξ
f
LRZ
f , (1.9)
ξuLR = ξ
d
LR, (1.10)
and
Y fS (ΛX) = ξ
f
S (1+ 3bfX) , (1.11)
respectively, where mass matrices mL, mR and MF are
expressed by
mfL = Y
f
L 〈φ0L〉 , mfR = Y fR 〈φ0R〉 , MF = Y fS 〈Φ0〉 ,
(1.12)
respectively, and
〈φ0L〉 = 〈φ0R〉/κ = 〈Φ0〉/λ (1.13)
and φL, φR and Φ are Higgs scalars whose vacuum ex-
pectation values (VEV) break SU(2)L, SU(2)R, and an
additional U(1) symmetry U(1)X , respectively. (For sim-
plicity, we have assumed that the values of 〈φ0L〉, 〈φ0R〉 and
〈Φ0〉 are real.)
Another interest in the present paper is to check
whether or not the phenomenological study in the previ-
ous paper [4] is still approximately valid under the evolu-
tion of the Yukawa coupling constants. For example, the
model with be = 0 and bu = −1/3 has led to the relation
[8,4]
mu
mc
≃ 3
4
me
mµ
, (1.14)
almost independently of the value of the seesaw suppres-
sion factor κ/λ. One of the reasons to taking the value
of bf in the up-quark sector as bu = −1/3 exists in the
successful relation (1.14). Therefore, we have interest
whether the relation (1.14) still holds even when we take
the evolution into consideration.
Besides, even apart from such phenomenological inter-
ests, it is very important to investigate the general fea-
tures of the evolution of the Yukawa coupling constants
in the universal seesaw model with detMF = 0, because
in the present model one of the fermions Fi does not de-
couple from the theory at µ < ΛS , so that the evolution
shows peculiar behavior in contrast with the conventional
seesaw model.
A similar study has been done in Ref. [9] by one of the
authors (Y.K.). However, in Ref. [9], instead of the see-
saw operatorsKf which will be defined later in Eqs. (3.8)
corresponding tomLM
−1
F m
†
R, the evolution of the seesaw
forms of the Yukawa coupling constants Y fL (Y
f
S )
−1(Y fR )
†
were investigated by calculating the Yukawa coupling
constants Y fL , Y
f
R and Y
f
S individually under the assump-
tion that the heavy particles with the masses of the order
of ΛS ≡ 〈Φ0〉 do not contribute to the evolution of Y fA
(A = L,R, S) below µ = ΛS. In the present paper,
we will calculate the evolution of the Yukawa coupling
constants Y fA above µ = ΛS and that of the seesaw op-
erators Kf below µ = ΛS, except for (Y
f
L )i3 as discussed
in Sec. III.
In Sec. II, we will discuss an additional symmetry
which is introduced for the purpose of preventing that
the fermions F acquire the masses MF at the energy
scale µ = ΛS . In Sec. III, we will give the general formu-
lation of the evolution of the seesaw mass matrices with
detMU = 0. In Sec. IV, we give the explicit coefficients
of the renormalization group equations. In Sec. V, we
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discuss the evolution of an extended version of the USM,
the “democratic seesaw model” [4,5]. The numerical re-
sults for a non-SUSY model and for a minimal SUSY
model are given in Secs. VI and VII, respectively. It
will be emphasized that the energy scale dependencies
in the SUSY model are quite different from those in the
non-SUSY model. The evolution of the neutrino mass
matrix is given in Sec. VIII. It will be showed that, dif-
ferently from the conventional seesaw model, the present
neutrino mass matrix is form-invariant below µ = ΛS.
Finally, Sec. IX will be devoted to the conclusions and
remarks.
II. U(1)X SYMMETRY
In the present model, the gauge symmetries are broken
as follows:
SU(2)L × SU(2)R ×U(1)LR × SU(3)c ×U(1)X↓ µ = ΛS
SU(2)L × SU(2)R ×U(1)LR × SU(3)c↓ µ = ΛR
SU(2)L ×U(1)Y × SU(3)c↓ µ = ΛL
U(1)em × SU(3)c .
(2.1)
Here, the symmetry U(1)X , which is spontaneously bro-
ken at the energy scale µ = ΛS , has been introduced for
the purpose of preventing that the fermions F acquire
the masses MF at µ > ΛS . Hereafter, we call the ranges
ΛL < µ ≤ ΛR, ΛR < µ ≤ ΛS , and ΛS < µ ≤ ΛX as the
ranges I, II, and III, respectively. In the present paper,
the energy scale ΛX does not always mean a gauge unifi-
cation energy scale. We assume that at the energy scale
ΛX the mass matrices (Yukawa coupling constants) take
simple forms discussed in the previous section.
The Yukawa coupling constants Y fL , Y
f
R and Y
f
S are
defined as follows:
Hint = Y
u
LijqLiφ˜LURj + Y
d
LijqLiφLDRj + Y
ν
LijℓLiφ˜LNRj + Y
e
LijℓLiφLERj
+ Y uRijqRiφ˜RULj + Y
d
RijqRiφRDLj + Y
ν
RijℓRiφ˜RNLj + Y
e
RijℓRiφRELj (2.2)
+ Y uSijULiΦURj + Y
d
SijDLiΦ
†DRj + Y νSijNLiΦNRj + Y
e
SijELiΦ
†ERj + h.c. ,
where
qL/R =
(
u
d
)
L/R
, ℓL/R =
(
ν
e−
)
L/R
,
φL/R =
(
φ+
φ0
)
L/R
, φ˜L/R =
(
φ
0
−φ−
)
L/R
. (2.3)
From Eq. (2.2), the U(1)X charge assignment should
satisfy the following relations
X(UR) = X(UL)−X(Φ) ,
X(DR) = X(DL) +X(Φ) , (2.4)
X(qL) =
1
2
[X(UR) +X(DR)] ,
X(qR) =
1
2
[X(UL) +X(DL)] , (2.5)
X(φL) =
1
2
[X(UR)−X(DR)] ,
X(φR) =
1
2
[X(UL)−X(DL)] , (2.6)
for quark sectors, and equations similar to Eqs. (2.4) -
(2.6) for lepton sectors f = ν, e. For simplicity, in the
present paper, we choose
X(qL/R) = X(ℓL/R) = 0 , X(Φ) = +1 . (2.7)
Then, the quantum numbers of the fermions f and F
and Higgs scalars φL, φR and Φ for SU(2)L × SU(2)R ×
U(1)LR ×U(1)X are given in Table I.
Note that the quantum number of the fermion NL is
identical with that of the fermion N cR [≡ (NR)c ≡ CN
T
R].
Therefore, the neutral fermions NL and NR can acquire
the following Majorana mass terms at µ = ΛS :
HMajorana =
(
Y LSijNLiN
c
Lj + Y
R
SijN
c
RiNRj
)
Φ+ h.c. .
(2.8)
Then, the neutrino mass matrix is given as follows
(
νL ν
c
R NL N
c
R
)
0 0 0 mL
0 0 m†TR 0
0 m†R ML MD
mTL 0 M
T
D MR


νcL
νR
N cL
NR
 ,
(2.9)
where MD = Y
ν
S 〈Φ〉, ML = Y LS 〈Φ〉 and MR = Y RS 〈Φ〉.
Since O(MD) ∼ O(ML) ∼ O(MR)≫ O(mR)≫ O(mL),
we obtain the mass matrix Mν for the active neutrinos
νL
Mν ≃ −mLM−1R mTL . (2.10)
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III. GENERAL FEATURES OF THE
EVOLUTIONS
In the present section, we give a general formulation
of the evolution of the seesaw matrix with detMF = 0.
The evolution of the neutrino seesaw mass matrix is well
known. However, in such a model with detMF = 0 as the
present model (the democratic seesaw model), a careful
treatment is required.
Without losing the generality, we can express the
Yukawa coupling constants Y fL and Y
f
R (f = u, d, ν, e)
as
Y fL (µ) = ξ
f
L(µ)Z
f
L(µ) , Y
f
R (µ) = ξ
f
R(µ)Z
f
R(µ) , (3.1)
where ZfA(µ) (A = L,R) are defined by
ZfA(µ) = diag(z
f
A1(µ), z
f
A2(µ), z
f
A3(µ)) , (3.2)
|zfA1(µ)|2 + |zfA2(µ)|2 + |zfA3(µ)|2 = 1 , (3.3)
on the basis on which Y fA (µ) are diagonal. In the present
model, the word “universal” means the following initial
conditions
ξfL(ΛX) = ξ
f
R(ΛX) ≡ ξLR , (3.4)
|zfLi(ΛX)| = |zfRi(ΛX)| ≡ zi , (3.5)
for all fermion sectors f = u, d, ν, e universally.
In the range III (ΛS < µ ≤ ΛX), the evolutions of the
Yukawa coupling constants Y fL , Y
f
R and Y
f
S are given by
the one loop renomalization group equations (RGE) as
follows:
16π2
dY fA
dt
=
(
T fA −GfA +HfA
)
Y fA , (A = L,R, S) ,
(3.6)
where t = logµ, and T fA, G
f
A and H
f
A (A = L,R, S) de-
note contributions from fermion loop corrections, vertex
corrections due to the gauge bosons, and vertex correc-
tions due to the Higgs boson, respectively. Note that the
matrices T fA and G
f
A are proportional to the unit ma-
trix. As stated in the next section, the coefficients HfA
(A = L,R, S) take diagonal forms on the basis on which
Y fA are diagonal. Therefore, if we take a basis on which
Y fL (and Y
f
R ) or Y
f
S are diagonal at µ = ΛX , then the
Yukawa coupling constants Y fL (and Y
f
R ) or Y
f
S can keep
the forms diagonal in the range III. Sometimes, the basis
on which Y fL (and Y
f
R ) are diagonal is useful, but some-
times, another basis on which Y fS are diagonal is useful,
as we discuss later.
In the present model, it is assumed that we can choose
a flavor basis on which Y fS (ΛX) are simultaneously diag-
onal for all f = u, d, ν, e. Then, on this basis, since the
Yukawa coupling constants Y fS (µ) can keep the forms di-
agonal in the range III, we can find that all Y fS are diag-
onal at µ = ΛS . We can denote those as
Y fS (ΛS) = diag(y
f
1S , y
f
2S , y
f
3S) . (3.7)
At the energy scale µ = ΛS, the fermions Fi (except
for U3) acquire the heavy masses (MF )ii = y
f
iS〈Φ0〉. In
the conventional seesaw model with detMF 6= 0, the en-
ergy scale behaviors of the fermion masses in µ < ΛS are
described by evolutions of the following operators
(Kf )ij =
[
Y fL (Y
f
S )
−1(Y fR )
†
]
ij
=
3∑
k=1
1
yfkS
(Y fL )ik(Y
f
R )
∗
jk ,
(3.8)
and
(Kν)ij =
[
Y νL (Y
ν
S )
−1(Y νL )
T
]
ij
=
3∑
k=1
1
yνkS
(Y νL )ik(Y
ν
L )jk .
(3.9)
(Hereafter, for convenience, we will denote the Yukawa
coupling constants Y RS in the Majorana mass matrix
MR = Y
R
S 〈Φ0〉 as Y νS .) The quark and lepton mass ma-
trices Mf are given by
Mf = K
f 〈φ0L〉〈φ0R〉/〈Φ0〉 , (f = u, d, e) , (3.10)
Mν = K
ν〈φ0L〉2/〈Φ0〉 . (3.11)
As explicitly shown in Sec. IV, the evolutions of the op-
eratorsKf are described by the one-loop RGE’s with the
following forms
16π2
dKf
dt
=
(
T fK −GfK
)
Kf +HfKLK
f +KfHf†KR ,
(f = u, d, e), (3.12)
16π2
dKν
dt
= (T νK −GνK)Kν +HνKLKν +KνHνTKL ,
(3.13)
where T fK , G
f
K and (H
f
KL, H
f
KR) denote contributions
from fermion loop corrections, vertex corrections due to
the gauge bosons, and vertex corrections due to the Higgs
bosons φL and φR, respectively.
However, in the seesaw mass matrix with detMF = 0,
since one of the eigenvalues of Y fS (f = u) is zero (say,
yu3S = 0), we must calculate the following operator
(Ku)ij =
[
Y uL (Y
u
S )
−1Y u†R
]
ij
=
2∑
k=1
1
yukS
(Y uL )ik(Y
u
R )
∗
jk ,
(3.14)
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where Y uS = diag(y
u
1S , y
u
2S). Note that the matrices YU
and Y uL (Y
u
R ) in Eq. (3.14) are 2× 2 and 3× 2 matrices,
respectively.
Note that in (3.14) we have taken the sum over k = 1
and 2 only. In the range II, the evolutions of the Yukawa
coupling constants Y uLi3 and Y
u
Ri3 (i = 1, 2, 3) are still
described by the equation (3.6). At the energy scale
µ = ΛR, we obtain a new mass term
Hmass =
∑
i
(Y uR )
∗
i3UL3uRi〈φ0R〉 . (3.15)
By defining a mixing state
u′R3 =
(Y uR )
∗
13uR1 + (Y
u
R )
∗
23uR2 + (Y
u
R )
∗
33uR3√|(Y uR )31|2 + |(Y uR )32|2 + |(Y uR )33|2 , (3.16)
we obtain a mass mt′ of the fourth up-quark t
′ =
(t′L, t
′
R) = (UL3, u
′
R3),
mt′ = 〈φ0R〉
√
|(Y uR )13|2 + |(Y uR )23|2 + |(Y uR )33|2 . (3.17)
Similarly, in the approximation in which the terms sup-
pressed by yu1S and y
u
2S are neglected, the mass mt of the
third up-quark (i.e., top quark) t = (tL, tR) = (u
′
L3, UR3)
is given by
mt ≃ 〈φ0L〉
√
|(Y uL )13|2 + |(Y uL )23|2 + |(Y uL )33|2 , (3.18)
where
u′L3 ≃
(Y uL )
∗
13uL1 + (Y
u
L )
∗
23uL2 + (Y
u
L )
∗
33uL3√|(Y uL )13|2 + |(Y uL )23|2 + |(Y uL )33|2 . (3.19)
More precisely speaking, the masses (mu,mc,mt,mt′)
are obtained by diagonalizing the following mass matrix
Mu = 〈φ0L〉
 −(κ/λ)K
u
11 −(κ/λ)Ku12 −(κ/λ)Ku13 Y uL13
−(κ/λ)Ku21 −(κ/λ)Ku22 −(κ/λ)Ku23 Y uL23
−(κ/λ)Ku31 −(κ/λ)Ku32 −(κ/λ)Ku33 Y uL33
κY u∗R13 κY
u∗
R23 κY
u∗
R33 0
 , (3.20)
which is sandwiched by the fields (uL1, uL2, uL3, UL3)
and (uR1, uR2, uR3, UR3), where κ = 〈φ0R〉/〈φ0L〉 and
λ = 〈Φ0〉/〈φ0L〉 as defined in Eq. (1.13). Of the Yukawa
coupling constants (Y uL )ij and (Y
u
R )ij , the twelve com-
ponents (Y uL )ik and (Y
u
R )ik (i = 1, 2, 3; j = 1, 2) are ab-
sorbed into the operator Ku defined by (3.14), while the
rest (Y uL )i3 and (Y
u
R )i3 are still described by the equation
(3.6).
Finally, we denote the effective Hamiltonian in each
range: The effective Hamiltonian HIIIint in the range III
(ΛX ≥ µ > ΛS) is still given by the form (2.2), and HIIint
in the range II (ΛS ≥ µ > ΛR) and HIint in the range I
(ΛR ≥ µ > ΛL) are given by
HIIint =
3∑
i=1
Y uLi3(qLiφ˜LUR3)
+
3∑
i=3
Y uRi3(qRiφ˜RUL3)
+
∑
i,j 6=3
1
〈Φ0〉K
u
ij(qLiφ˜L)(φ˜
†
RqRj)
+
∑
i,j
1
〈Φ0〉K
d
ij(qLiφL)(φ
†
RqRj)
+
∑
i,j
1
〈Φ0〉K
e
ij(ℓLiφL)(φ
†
RℓRj) + h.c.
+
∑
i,j
1
〈Φ0〉K
ν
Lij(ℓLiφ˜L)(φ˜
T
Lℓ
c
Lj)
+
∑
i,j
1
〈Φ0〉K
ν
Rij(ℓRiφ˜R)(φ˜
T
Rℓ
c
Rj) , (3.21)
and
HIint =
3∑
i=1
Y uLi3(qLiφ˜LUR3)
+
∑
i,j 6=3
〈φ0R〉
〈Φ0〉K
u
ij(qLiφ˜LuRj)
+
∑
i,j
〈φ0R〉
〈Φ0〉K
d
ij(qLiφLdRj)
+
∑
i,j
〈φ0R〉
〈Φ0〉K
e
ij(ℓLiφLeRj) + h.c.
+
∑
i,j
1
〈Φ0〉K
ν
Lij(ℓLiφ˜L)(φ˜
T
Lℓ
c
Lj) , (3.22)
respectively.
IV. COEFFICIENTS OF THE RGE
In the present section, we give the coefficients of the
renomalization group equations (RGE) (3.6), (3.12) and
(3.13).
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A. Evolution in the range III
In the non-SUSY model, the terms T fA, G
f
A and H
f
A
(A = L,R, S) are given as follows:
T uA = T
d
A = T
ν
A = T
e
A
= 3Tr
(
Y uAY
u†
A + Y
d
AY
d†
A
)
+Tr
(
Y νAY
ν†
A + Y
e
AY
e†
A
)
,
(4.1)
GuA =
17
8
g21 +
9
4
g22A + 8g
2
3 +
3
4
g2X ,
GdA =
5
8
g21 +
9
4
g22A + 8g
2
3 +
3
4
g2X ,
GνA =
9
8
g21 +
9
4
g22A +
3
4
g2X ,
GeA =
45
8
g21 +
9
4
g22A +
3
4
g2X , (4.2)
HuA = −HdA =
3
2
(
Y uAY
u†
A − Y dAY d†A
)
,
HνA = −HeA =
3
2
(
Y νAY
ν†
A − Y eAY e†A
)
, (4.3)
where A = L,R, and
T uS = T
d
S = T
ν
S = T
e
S
= 3Tr
(
Y uS Y
u†
S + Y
d
S Y
d†
S
)
+Tr
(
Y νS Y
ν†
S + Y
e
SY
e†
S
)
,
(4.4)
GuS = 4g
2
1 + 8g
2
3 +
3
2
g2X ,
GdS = g
2
1 + 8g
2
3 +
3
2
g2X ,
GνS = +
3
2
g2X ,
GeS = 9g
2
1 +
3
2
g2X , (4.5)
HfS = Y
f
S Y
f†
S , (f = u, d, ν, e) . (4.6)
The coefficients T fA, G
f
A and H
f
A in the minimal SUSY
model are given in the Appendix.
As seen from Eq. (4.6), since the matrixHfA is diagonal
on the diagonal basis of MF (ΛX), the Yukawa coupling
constants Y fS (µ) can keep the forms diagonal. Similarly,
when we choose the diagonal basis ofML(ΛX) [MR(ΛX)],
the matrices Y fL (µ) [Y
f
R (µ)] keep their forms diagonal.
For a model with g2L(µ) = g2R(µ) and Y
f
L (µ) = Y
f
L (µ)
at µ = ΛX , we can assert that
Y fL (µ) = Y
f
R (µ) , (4.7)
in the range III (ΛS < µ ≤ ΛX), because on the diagonal
basis of YL we obtain
16π2
d
dt
ln
(Y fL )ii
(Y fR )ii
= (T fL −GfL +HfL)ii − (T fR −GfR +HfR)ii .
(4.8)
The case g2L = g2R is likely in the L-R symmetric
model. For convenience, in the numerical evaluation in
the present paper, we will take g2L(µ) = g2R(µ) in the
range III (ΛS < µ ≤ ΛX).
B. Evolution in the ranges I and II
In the ranges I and II, all the fermions Fi except for
U3 are decoupled from the equation (3.6). In the present
section, we will take the diagonal basis ofMF . Therefore,
it is convenient that we define a spurion
S =
 0 0 00 0 0
0 0 1
 . (4.9)
Then, the surviving Yukawa coupling constants (Y uA )i3
are expressed as (Y uAS)ij = (Y
u
A )i3δ3j . The evolution of
Y uAS is still described by the RGE (3.6) by substituting
Y uAS for Y
f
A . Here, the terms T
u
A, G
u
A and H
u
A (A = L,R)
are expressed as follows [Y fA (f = d, e, ν) are already ab-
sorbed into the operators Kf ]:
T uA = 3Tr
(
Y uASY
u†
A
)
, (4.10)
GuA =
17
8
g21 +
9
4
g22A + 8g
2
3 , (4.11)
HuA =
3
2
Y uASY
u†
A , (4.12)
(A = L,R) in the range II, and
T uL = 3Tr
(
Y uL SY
u†
L
)
, (4.13)
GuL =
17
20
g21 +
9
4
g22L + 8g
2
3 , (4.14)
HuL =
3
2
Y uL SY
u†
L , (4.15)
in the range I. Here, the coupling constant g1 ≡ g1LR in
the range II is that for the U(1) operator (1/2)YLR which
is defined by the relation
Q = IL3 + I
R
3 +
1
2
YLR , (4.16)
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for the symmetry SU(2)L × SU(2)R ×U(1)LR, while the
coupling constant g1 ≡ g1Y in the range I is that for the
U(1) operator (1/2)Y which is defined by the relation
Q = IL3 +
1
2
Y , (4.17)
for the symmetry SU(2)L × U(1)Y , and they are con-
nected by
α−1em(ΛL) = α
−1
2L (ΛL) +
5
3
α−11LR(ΛL) , (4.18)
5
3
α−11Y (ΛR) = α
−1
2R(ΛR) +
2
3
α−11LR(ΛR) , (4.19)
where αi = g
2
i /4π.
Similarly, the terms T fK , G
f
K H
f
KL and H
f
KR (f =
u, d, e) are given by
T uK = T
d
K = T
e
K = 3Tr
(
Y uL SY
u†
L + Y
u
RSY
u†
R
)
, (4.20)
GuK = G
d
K =
5
2
g21 +
9
4
g22L +
9
4
g22R + 8g
2
3 ,
GeK =
9
2
g21 +
9
4
g22L +
9
4
g22R , (4.21)
HuKA = H
d
KA =
3
2
Y uASY
u†
A , H
e
KA = 0 , (A = L,R) ,
(4.22)
in the range II, and
T uK = T
d
K = T
e
K = 3Tr
(
Y uL SY
u†
L
)
, (4.23)
GuK =
17
20
g21 +
9
4
g22L + 8g
2
3 ,
GdK =
5
20
g21 +
9
4
g22L + 8g
2
3 , (4.24)
GeK =
45
20
g21 +
9
4
g22L ,
HuKL = H
d
KL =
3
2
Y uL SY
u†
L , H
f
KR = 0 , f = u, d ,
(4.25)
HeKL = H
e
KR = 0 , (4.26)
in the range I.
The terms T νK , G
ν
K and H
ν
KL have rather simple forms
in contrast with those in the conventional neutrino see-
saw model, because the partners of the fermions fL which
couple to the Higgs scalar φL are not fR, but FR which
are already decoupled at µ = ΛR:
T νK = 6Tr
(
Y uL SY
u†
L
)
, (4.27)
GνK = 3g
2
2L , (4.28)
HνKL = λHL , (4.29)
in the ranges I and II, where λHL is the coupling constant
of the Higgs scalar φL defined by
Hφ =
1
2
λHL(φ
†
LφL)
2 , (4.30)
and the mass of the physical Higgs scalar H0L is given by
m2HL = 2λHL〈φ0L〉2 . (4.31)
The similar coefficients in the minimal SUSY model
are given in the Appendix.
V. CASE OF THE DEMOCRATIC SEESAW
MODEL
In the democratic seesaw model, on the diagonal basis
of Y fL (ΛX) and Y
f
R (ΛX), the Yukawa coupling constants
of heavy fermions Y fS (ΛX) are given by the democratic
form (1.11). Since on this basis the Yukawa coupling
constants Y fS keep the forms democratic:
Y fS (µ) = ξ
f
S(µ) (1+ 3bf(µ)X) , (5.1)
we will call this basis the “democratic basis ofMF ” here-
after. On the other hand, if we take a basis on which Y fS
are diagonal, i.e., the matrix forms are given by
Y˜ fS (µ) = ξ
f
S(µ)
(
1+ 3bf(µ)X˜
)
, (5.2)
X˜ = AXAT = diag(0, 0, 1) , (5.3)
A =

1√
2
− 1√
2
0
1√
6
1√
6
− 2√
6
1√
3
1√
3
1√
3
 . (5.4)
Especially, on this basis, the Yukawa coupling constants
(Y˜ eS )ii and (Y˜
u
S )ii of the fermions Ei and Ui satisfy the
relations
[Y˜ eS (µ)]11 = [Y˜
e
S (µ)]22 = [Y˜
e
S (µ)]33 = ξ
e
S(µ) , (5.5)
[Y˜ uS (µ)]11 = [Y˜
u
S (µ)]22 = ξ
u
S(µ) , [Y˜
u
S (µ)]33 = 0 , (5.6)
in the range III (ΛS < µ ≤ ΛX), i.e.,
be(µ) = 0 , bu(µ) = −1/3 . (5.7)
On the other hand, on this basis, the Yukawa coupling
constants Y˜ fL (µ) and Y˜
f
R (µ) are not diagonal. However,
we can easily obtain their diagonal forms by AT Y˜ fL (µ)A
and AT Y˜ fR (µ)A.
At the energy scale µ = ΛS, the fermions Fi (except
for U3) acquire the heavy masses (MF )ii. Therefore, for
µ < ΛS, the operators K
f are given as follows:
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(Ku)ij =
[
Y˜ uL (Y˜
u
S )
−1Y˜ u†R
]
ij
=
1
ξuS(ΛS)
∑
k=1,2
(Y˜ uL )ik(Y˜
u
R )
∗
jk , (5.8)
(Kd)ij =
[
Y˜ dL (Y˜
d
S )
−1Y˜ d†R
]
ij
=
1
ξdS(ΛS)
∑
k=1,2
(Y˜ dL )ik(Y˜
d
R)
∗
jk +
1
1 + 3bd(ΛS)
(Y˜ dL )i3(Y˜
d
R)
∗
j3
 , (5.9)
(Ke)ij =
[
Y˜ eL(Y˜
e
S )
−1Y˜ e†R
]
ij
=
1
ξeS(ΛS)
∑
k=1,2,3
(Y˜ eL)ik(Y˜
e
R)
∗
jk , (5.10)
(Kν)ij =
(
Y˜ νL (Y˜
ν
S )
−1Y˜ νTL
)
ij
=
1
ξνS(ΛS)
∑
k=1,2
(Y˜ νL )ik(Y˜
ν
L )jk +
1
1 + 3bν(ΛS)
(Y˜ νL )i3(Y˜
ν
L )j3
 . (5.11)
In Eq. (5.11), we have assumed that the structure of
the Majorana mass termMR(ΛS) = Y
R
S (ΛS)〈Φ0〉 for the
neutral fermions NR has a structure similar to the Dirac
mass matrices MF which is given by Eq. (5.1).
Since the Yukawa coupling constants Y fA (µ) (A = L,R)
in the range III keep their forms diagonal on the demo-
cratic basis of MF , it is convenient to express Y
f
A (µ) as
follows,
Y fA (µ) = ξ
f
A(µ)Z
f
A(µ) , (5.12)
where the diagonal matrix ZfA(µ) is given by Eq. (3.2).
Then, the matrix Y˜ fA on the diagonal basis ofMF is given
by
Y˜ fA (µ) = ξ
f
A(µ)Z˜
f (µ) , (5.13)
where
Z˜f = AZfAT =
1
6
 3(z2 + z1) −
√
3(z2 − z1) −
√
6(z2 − z1)
−√3(z2 − z1) 4z3 + z2 + z1 −
√
2(2z3 − z2 − z1)
−√6(z2 − z1) −
√
2(2z3 − z2 − z1) 2(z3 + z2 + z1)
 , (5.14)
(we have dropped the indices A and f , and for simplicity,
we have taken δfi = 0). Although the Yukawa coupling
constants Y˜ uL and Y˜
u
R in the range II and Y˜
f
L in the range
I have the physical meaning only for the one column ma-
trix components (Y˜ fA )i3 (i = 1, 2, 3), we still use the ex-
pressions (5.12) and (5.13), because the matrix Ke(µ)
(ΛL < µ ≤ ΛS) which is proportional to Y eL(µ)Y e†R (µ) is
still diagonal on the democratic basis ofMF as discussed
in Sec. IV, so that we regard that Y uA (µ) is also “diago-
nal”. Then, the top quark mass mt(µ) is approximately
expressed as
mt(µ) ≃ 〈φ0L〉
√∑
i
|(Y˜ uL (µ))i3|2 = 〈φ0L〉ξuL(µ)
√
1
3
∑
i
|zuLi|2 =
1√
3
ξuL(µ)〈φ0L〉 . (5.15)
The expression (5.15) is valid in the whole ranges ΛL <
µ ≤ ΛX .
Since
3∑
i=1
2∑
k=1
(
Z˜ik
)2
=
2
3
(z21 + z
2
2 + z
2
3) =
2
3
, (5.16)
we obtain
mc(µ) +mu(µ) ≃ 2
3
ξuL(µ)ξ
u
R(µ)
ξuS(µ)
〈φ0L〉〈φ0R〉
〈Φ0〉 , (5.17)
from Eq. (5.8). Note that the expression (5.17) is valid
only in the range III. In the ranges I and II, the ra-
tio ξuLξ
u
R/ξ
u
S behaves as a operator K
u(µ) which obeys
Eq. (3.12). From Eq. (5.17), the ratio mc/mt is given by
8
mc(µ)
mt(µ)
≃ 2√
3
ξuR(µ)
ξuS(µ)
〈φ0R〉
〈Φ0〉 . (5.18)
Since HeKL = H
e
KR = 0 in the ranges I and II, the form
of Ke(µ) is invariant in the ranges, i.e.,
ZeL(ΛL)Z
e†
R (ΛL) = Z
e
L(ΛS)Z
e†
R (ΛS) , (5.19)
especially, since
ZfL(µ) = Z
f
R(µ) ≡ Zf(µ) , (5.20)
for a model with g2R(ΛR) = g2L(ΛR), we obtain
Ze(ΛL) = Z
e(ΛS) . (5.21)
Therefore, in preliminary evaluations prior to fixing the
final values of the parameters, we will sometimes use the
values of zi(mZ) which are obtained from the observed
charge lepton masses mei (mZ) by using Eq. (1.7) instead
of the values of zi(ΛX) which are defined in Eq. (1.9) as
the initial condition at µ = ΛX .
VI. NUMERICAL RESULTS IN THE NON-SUSY
MODEL
We define
ΛL = 〈φ0L〉 , ΛR = 〈φ0R〉 , ΛS = 〈Φ0〉 . (6.1)
However, for convenience, in the numerical evaluations,
instead of physical quantities at µ = ΛL, we will use those
at µ = mZ (mZ is the neutral weak boson mass).
First, in order to overlook the behavior of the Yukawa
coupling constant Y fL (µ), we illustrate the behavior of
ξuL(µ) in the non-SUSY model in Fig. 1. Here, we have
used the approximate relation (5.15) and the input values
mt(mZ) = 181 GeV and 〈φ0L〉 = 174 GeV:
ξuL(mZ) =
√
3
mt(mZ)
〈φ0L〉
= 1.80. (6.2)
In other words, the behavior of ξuL(µ) corresponds to that
of mt(µ) because of ξ
u
L(µ) = (mt(µ)/mt(mZ))ξ
u
L(mZ).
In the ranges I and II, since the terms T uL and H
u
L are
expressed only in terms of Y˜ uL SY˜
u†
L , the evolution of the
factor |ξuL(µ)|2 = 3Tr[Y˜ uL SY˜ u†L ] is described by the equa-
tion
16π2
d
dt
|ξuL|2 = 2
[(
1
3
|ξuL|2 −GuL
)
|ξuL|2 +
1
2
|ξuL|4
]
.
(6.3)
However, in the range III, the terms T uL and H
u
L contain
other factors Y fL Y
f†
L in addition to Y
u
L Y
u†
L , so that the
evolution of ξuL cannot be expressed so simply such as
(6.3). For the evaluation of ξuL in the range III, we have
tentatively substituted the values zi(mZ) given by (1.7)
for the initial values zi(ΛX). For simplicity, as we dis-
cussed in (4.7), we have taken as g2L(ΛR) = g2R(ΛR). In
Fig. 1, the ratio ΛS/ΛR has been taken as ΛS/ΛR = 107,
which has determined from the fitting of the observed
ratio mt/mc as we discuss later. The behavior of ξ
u
L(µ)
is insensitive to the ratio ΛS/ΛR. As seen in Fig. 1, in
a case with a lower ΛS (ΛS < 10
5 GeV), ξuL(µ) has the
Landau pole below µ = ΛX , so that the case is ruled out.
On the other hand, a case with a higher ΛS (ΛS > 10
19
GeV) causes α1(µ) → ∞ at µ → ΛS , so that the case is
also ruled out.
Taking account of the behavior of ξuL(µ) shown in
Fig. 1, as a trial, we take
ΛX = 2× 1016 GeV , (6.4)
which is known as the unification energy scale in the min-
imal SUSY model. (However, in the present paper, we
do not consider the gauge unification.) As a value of ΛS ,
we tentatively take
ΛS = 3× 1013 GeV , (6.5)
which leads to the mass-squared difference ∆m232 ≡
m2ν3 −m2ν2 ∼ (10−3− 10−2)eV2 as we demonstrate later.
For the values (6.4) and (6.5), we obtain ξuL(ΛX) = 1.2.
Next, we determine the values of ξuS(Λ) and ΛS/ΛR.
Since we have already obtained the value ξuL(ΛX) = 1.2,
it seems that we can fix the value of ξuS(Λ)ΛS/ΛR from
the observed value ofmt(mZ)/mc(mZ) because of the re-
lation (5.18). However, the value of ξuS(ΛX) [also ξ
f
S(ΛX)]
is sensitive to the value of ξuS(ΛS) [ξ
f
S(ΛS)] [in other
words, a small deviation of ξfS(ΛS) causes a large de-
viation of ξfS(ΛX)]. Therefore, we cannot fix the values
ξuS(ΛX) unless we put a tentative model for ξ
f
LR and ξ
f
S .
The basic assumption in the universal seesaw model is to
consider that the mass matrices mL and mR in Eq. (1.1)
are “universal” (common) for all fermion sectors (quarks
and leptons). Therefore, we put the following initial con-
dition
ξuLR(ΛX) = ξ
d
LR(ΛX) = ξ
e
LR(ΛX) = ξ
ν
LR(ΛX) ≡ ξLR(ΛX) .
(6.6)
Then, a model with ξuS(ΛX) = ξ
d
S(ΛX) = ξ
e
S(ΛX) is obvi-
ously ruled out because we cannot give the observed val-
ues of quark and charged lepton masses simultaneously.
We must consider
ξuS(ΛX) = ξ
d
S(ΛX) ≡ ξqS(ΛX) 6= ξeS(ΛX) . (6.7)
We tentatively put ξeS(ΛX) = ξLR(ΛX). The numerical
results are as follows:
ξLR(ΛX) = ξ
e
S(ΛX) = 1.20 , ξ
q
S(ΛX) = 0.80 , (6.8)
ΛS/ΛR = 107 , (6.9)
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z1 = 0.01617 , z2 = 0.2349 , z3 = 0.9719 . (6.10)
In the quark and charged lepton mass expressions (3.19)
the factors ξeS and ξ
q
S appear only in terms of the com-
binations ξqSΛS and ξ
e
SΛS, respectively, so that the abso-
lute values of ξeS and ξ
q
S depend on the choice of the input
value of ΛS. Only the ratio ξ
e
S/ξ
q
S is substantial for the
fitting of the quark and charged lepton mass. (However,
as we state in the Sec. VIII, the neutrino mass differ-
ence between mν3 and mν2 rapidly varies in the range
III. Therefore, in the neutrino mass matrix, the choice of
the input value ΛS is important.) We can obtain
ξeS(ΛX)/ξ
q
S(ΛX) ≃ 1.5 , (6.11)
for any initial values of ξeS(ΛX) with O(1). The val-
ues (6.10) are nearly in agreement with the values z1 =
0.01622, z2 = 0.2357, and z3 = 0.9717 which are obtained
from Eq. (1.7) at µ = mZ . We can see that the effect of
the evolution is not so large for Ze.
The value of the parameter bd(ΛX) is determined
from the fitting of the observed down-quark mass ra-
tios md/ms and ms/mb and the CKM matrix param-
eter |Vus(mZ)| = 0.22. In Fig. 2, we illustrate the mass
ratios md(µ)/ms(µ) and ms(µ)/mb(µ) and the CKM
parameter |Vus(µ)| at µ = mZ versus the parameters
bd and βd, where we have re-defined the complex pa-
rameter bd by bde
iβd with two real parameters. For
convenience, in Fig. 2, the quantities are expressed in
the unit of the corresponding observed values at µ =
mZ (for example, in Fig. 2, the curve md/ms denotes
[md(µ)/ms(µ)]µ=mZ/[md/ms]observed). We obtain
bd(ΛX) = −1.20 , βd(ΛX) = 19.2◦ , (6.12)
which give the following predictions at µ = mZ :
mu(mZ) = 2.60× 10−3 GeV ,
mc(mZ) = 6.92× 10−1 GeV ,
mt(mZ) = 182 GeV ,
md(mZ) = 4.38× 10−3 GeV ,
ms(mZ) = 9.84× 10−2 GeV , (6.13)
mb(mZ) = 3.02 GeV ,
me(mZ) = 4.90× 10−4 GeV ,
mµ(mZ) = 1.03× 10−1 GeV ,
mτ (mZ) = 1.76 GeV .
The experimental values corresponding to the results
(6.13) are as follows [10]:
mu(mZ) = (2.33
+0.42
−0.45)× 10−3 GeV ,
mc(mZ) = (6.85
+0.56
−0.61)× 10−1 GeV ,
mt(mZ) = (181± 13) GeV ,
md(mZ) = (4.69
+0.60
−0.66)× 10−3 GeV ,
ms(mZ) = (0.934
+0.118
−0.130)× 10−1 GeV , (6.14)
mb(mZ) = (3.00± 0.11) GeV ,
me(mZ) = (4.8684727± 0.00000014)× 10−4 GeV ,
mµ(mZ) = (1.0275138± 0.0000033)× 10−1 GeV ,
mτ (mZ) = (1.7467± 0.0003) GeV .
The results (6.13) is in agreement with the observed val-
ues (6.14) within the experimental errors.
The predicted values of |Vij | depends on the phase pa-
rameters δfi given by Eq. (1.4). Only when we take those
as (1.8) (at µ = ΛX), we can obtain reasonable values
of |Vij |. For example, for δu3 − δd3 = π, we obtain the
predictions at µ = mZ
|Vus| = 0.220 , |Vcb| = 0.0668 ,
|Vub/Vcb| = 0.0558 ,
|Vtd| = 0.0177 , (6.15)
J = 3.25× 10−5 .
The observed values [11] are
|Vus| = 0.2196± 0.0023 ,
|Vcb| = 0.0402± 0.0019 , (6.16)
|Vub/Vcb| = 0.090± 0.025 .
Although the results (6.15) are roughly consistent with
experiments, the value |Vcb| = 0.066 is somewhat large
compared with the observed value |Vcb| = 0.040. This
discrepancy can be adjusted by considering a small devi-
ation from π of the relative phase δu3−δd3 as demonstrated
in Ref. [5].
Related to the phenomenological requirement (1.8), it
is interesting to consider that Y uL which is the coefficient
of the Higgs scalar φ˜L is related to Y
d
L which is the coef-
ficient of the scalar φL as
Y uL (ΛX) = [Y
d
L (ΛX)]
† . (6.17)
Then, the relations (1.8) mean that (Y fL )11 and (Y
f
L )22
are real, while (Y fL )33 is almost pure imaginary. We take
(Zu)† = Zd = diag(z1, z2, z3eiδ3) . (6.18)
The parameter δ3 (= δ
d
3 = −δu3 ) does not affect the
masses, but only the CKM mixings. It is interesting to
consider that the parameter δ3(ΛX) takes its value such
as the CKM mixings become minimum, i.e., such as the
value
∑
i6=j |Vij(ΛX)|2 takes the minimum. This require-
ment gives the initial value δ3(Λ3) = 84
◦ (see Fig. 3).
Then, we obtain the predictions of |Vij | at µ = mZ
|Vus| = 0.220 , |Vcb| = 0.0418 ,
|Vub/Vcb| = 0.0726 ,
|Vtd| = 0.0109 , (6.19)
J = 2.38× 10−5 .
which is in excellent agreement with the experimental
values (6.16). In Fig. 4, we illustrate the predicted val-
ues |Vij(mZ)| versus δ3(ΛX). As seen in Fig. 4, the value
of δ3(ΛX) at which
∑
i6=j |Vij(ΛX)|2 takes the minimum
also gives the minimum of the CKM mixings at µ = mZ .
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VII. NUMERICAL RESULTS IN THE SUSY
MODEL
The behavior of ξuL(µ) in the SUSY model is somewhat
different from that in the non-SUSY model. Since in the
SUSY model, the top quark mass mt(µ) is given by
mt(µ) =
1√
3
ξuL(µ)
vL√
2
sinβ , (7.1)
where vL/
√
2 = 174 GeV and tanβ ≡ tanβL = vuL/vdL,
the initial value of ξuL(mZ) in the SUSY model corre-
sponds to
[ξuL(mZ)]SUSY = [ξ
u
L(mZ)]nonSUSY
1
sinβ
. (7.2)
However, this does not mean [ξuL(ΛX)]SUSY =
[ξuL(ΛX)]nonSUSY /sinβ, because the behavior of
[ξuL(µ)]SUSY is considerably different from that of
[ξuL(µ)]nonSUSY . In Fig. 5, we illustrate the behavior
of ξuL(µ) in the SUSY model for the case of tanβ = 3.5.
If we take tanβ < 2.5, the initial value of ξuL(mZ) be-
comes ξuL(mZ , tanβ > 2.5) > ξ
u
L(mZ , tanβ = 2.5) from
Eq. (7.2), so that the curve of ξuL(µ) will be illustrated
in the upper side of the curve given in Fig. 5. There-
fore, for a case with a small value of tanβ, the Landau
pole of ξuL(µ) appears at a relatively lower energy scale.
We consider that the model should be calculable per-
turbatively, so that a case with such a large value of ξuL
should be ruled out. As seen in Fig. 5, since the model
gives, in general, ξuL(ΛX) > ξ
u
L(µ) (mZ < µ < ΛX),
the value ξuL(ΛX) should, at least, be [ξ
u
L(ΛX)]
2/4π < 1,
i.e., ξuL(ΛX) <
√
4π = 3.54. However, when we take
contributions from the higher order corrections into con-
sideration, even the value ξuL(ΛX) = 3.0 is still dangerous.
Therefore, we put the constraint ξuL(ΛX) = 2.0 for the
results of the present one loop calculation. In Fig. 6, we
illustrate the predicted value of mt(mZ) for the initial
values ξuL(ΛX) =
√
4π = 3.54 and ξuL(ΛX)
<∼ 2.0, where
we have used the input values
ΛX = 2× 1016 GeV , ΛS = 6× 1013 GeV . (7.3)
The value of ΛS has been chosen as the neutrino mass-
squared difference ∆m232 is of the order of (10
−3− 10−2)
eV2.
From Fig. 6, we conclude that the value of tanβ must
be
tanβ >∼ 3 . (7.4)
Prior to the numerical investigation of the evolutions in
the SUSY model, in order to see the difference between
the parameter structures in the non-SUSY and SUSY
models, let us give a rough sketch for the parameters in
the case of the SUSY model by neglecting the evolution
effects. The quark mass matrices Mu and Md are given
by
(Mu)ij =
2∑
k=1
(
Z˜
)
ik
(
Z˜
)
jk
(Ou)kk
ξuLξ
u
R
ξuS
ΛLΛR
ΛS
sinβ ,
(7.5)
(Md)ij =
3∑
k=1
(
Z˜
)
ik
(
Z˜
)
jk
(
Od
)
kk
ξdLξ
d
R
ξdS
ΛLΛR
ΛS
cosβ ,
(7.6)
where Ou = diag(1, 1), Od = diag(1, 1, 1/(1 + 3bd)), and
Z˜ is given by Eq. (5.14). Here, for simplicity, we have
assumed βL = βR = βS ≡ β. For tanβ > 3, the fac-
tors sinβ and cosβ are approximated as sinβ ≃ 1 and
cosβ ≃ 1/ tanβ, respectively. Obviously, the model with
ξuS = ξ
d
S in addition to the constraint
ξuLR(ΛX) = ξ
d
LR(ΛX) ≡ ξqLR(ΛX) , (7.7)
is ruled out, because we cannot fit the up- and down-
quark masses simultaneously due to the existence of the
factor cosβ. Therefore, we must consider a model with
ξuS 6= ξdS differently from the constraint (6.6) in the non-
SUSY model. If we consider
ξuS ≃ ξqS sinβ , ξdS ≃ ξqS cosβ , (7.8)
then the model becomes similar to the case of the non-
SUSY model, because
ξuLξ
u
R
ξuS
ΛLΛR
ΛS
sinβ ≃ ξ
d
Lξ
d
R
ξdS
ΛLΛR
ΛS
cosβ , (7.9)
and we will obtain reasonable fittings for the quark
masses and CKM matrix parameters as well as in the
non-SUSY model. Note that for a large value of tanβ,
the value of Kd ≡ ξdLξdR/ξdS becomes large because Kd ≃
Ku tanβ from the relation (7.9), so that we cannot eval-
uate the RGE (3.12) perturbatively. We must take the
value of tanβ near to the lower bound given by Eq. (7.4).
When we take the evolution effects into consid-
eration, the situation is further complicated. The
evolutions of ξfL(µ), ξ
f
R(µ) and ξ
f
S(µ) in the SUSY
model are quite different from those in the non-
SUSY model. We illustrate the behaviors of
mfi (µ)/m
f
i (ΛX) which correspond to the behaviors of
[ξfL(µ)ξ
f
R(µ)/ξ
f
S(µ)]/[ξ
f
L(ΛX)ξ
f
R(ΛX)/ξ
f
S(ΛX)] in the non-
SUSY model and those in the SUSY model in Figs. 7
and 8, respectively. In Fig. 8, we see that the values
mu(µ) and mc(µ) cause rapid changes in the range III.
In the non-SUSY model, the charged lepton mass ratios
are almost invariant, i.e., me(µ)/mµ(µ) ≃ constant and
mµ(µ)/mτ (µ) ≃ constant, while, in the SUSY model,
the mass ratiomµ(µ)/mτ (µ) shows a considerable change
(although me(µ) ≃ mµ(µ) still holds).
The situation is critical for the input values. If we
adhere to the input value mt(mZ) = 181 GeV, then it
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is hard to obtain reasonable values of the other quark
mass values mc, mu, mb, ms and md for any parameter
values of ΛS/ΛR and bd. However, if we take a slightly
lower value of mt(mZ), for example, mt(mZ) = 168 GeV
[cf. [mt(mZ)]observed = 181 ± 13 GeV], we can find the
following parameter values
tanβ = 3.5 , ΛS/ΛR = 38 , (7.10)
z1 = 0.01449 , z2 = 0.2117 , z3 = 0.9772 , (7.11)
ξuLR(ΛX) = ξ
d
LR(ΛX) ≡ ξqLR(ΛX) = 1.3 , ξeLR(ΛX) = 1.0 ,
(7.12)
ξuS(ΛX) = 1.7 , ξ
d
S(ΛX) = 0.50 , ξ
e
S(ΛX) = 1.0 ,
(7.13)
bd = −1.2 , βd = 19.4◦ , (7.14)
which leads to the following quark and charged lepton
masses and CKM matrix parameters:
mu(mZ) = 2.47× 10−3 GeV ,
mc(mZ) = 6.46× 10−1 GeV ,
mt(mZ) = 167 GeV ,
md(mZ) = 4.49× 10−3 GeV ,
ms(mZ) = 1.00× 10−1 GeV , (7.15)
mb(mZ) = 2.83 GeV ,
me(mZ) = 4.87× 10−4 GeV ,
mµ(mZ) = 1.03× 10−1 GeV ,
mτ (mZ) = 1.75 GeV ,
|Vus| = 0.220 , |Vcb| = 0.0665 ,
|Vub/Vcb| = 0.0603 ,
|Vtd| = 0.0179 , (7.16)
J = 3.38× 10−5 .
The values |Vij |2 are again desirably adjustable by the
phase parameter δ3 defined by (6.18).
VIII. EVOLUTION OF THE NEUTRINO MASS
MATRIX
The evolution of the neutrino mass matrix Mν =
Kν〈φ0L〉2/〈Φ0〉 is described by the RGE (3.13). Since
the coefficient HνKL in the ranges I and II is given by
HνKL = λHL, (4.28), for the non-SUSY model, and by
HνKL = 0, (A.15) and (A.24), for the SUSY model, the
form of the matrix Kν at µ = ΛL does not vary from that
at µ = ΛS , so that the mass ratios and mixing matrix Uν
are also invariant. Since the coefficientsHeKL andH
e
KR in
the charged lepton sector are given by HeKL = H
e
KR = 0
in the ranges I and II for the non-SUSY and SUSY mod-
els, the form of the charged lepton mass matrixMe is also
invariant below µ = ΛS . Therefore, the Maki-Nakagawa-
Sakata (MNS) [12] matrix U = U †eLUν is invariant in the
ranges I and II. Note that in the conventional model, the
neutrino seesaw mass matrix can vary the from. The
neutrino mass matrix in the present model can vary the
form only in the range III (ΛS < µ ≤ ΛX). The reason is
that in the conventional model the scalar φ+L couples to
νLeR, while that in the present model couples to νLER,
so that the contribution of φL to H
ν
KL in the latter case
is decoupled below µ = ΛS.
For the numerical study, the case with bν = −1/2
is most interesting, because the inverse matrix of
Y νS (ΛX) = ξ
ν
S(ΛX)[1 + 3bν(ΛX)X ] with bν(ΛX) = −1/2
has the form
[Y νS (ΛX)]
−1 = − 1
ξνS(ΛX)
 0 1 11 0 1
1 1 0
 , (8.1)
so that
Y νL (Y
ν
S )
−1(Y νL )
T = −ξ
ν
L(ΛX)]
2
ξνS(ΛX)
 0 z1z2 z1z3z1z2 0 z2z3
z1z3 z2z3 0
 .
(8.2)
The form (8.2) is well known as the Zee-type [13] mass
matrix, which can lead to a large mixing [14].
The mass eigenvalues mνi and mixing matrix U at
µ = ΛX are given by [15]
mν1 ≃ −2z21mν0 ,
mν2 ≃ −
[
z2z3 −
(
1− z3
2z2
)
z21
]
mν0 , (8.3)
mν3 ≃
[
z2z3 +
(
1 +
z3
2z2
)
z21
]
mν0 ,
mν0 =
(ξνL)
2
ξνS
Λ2L
ΛS
, (8.4)
U =
 1
1√
2
z1
z2
(1 − z2) 1√2
z1
z2
(1 + z2)
− z1z2 1√2 −
1√
2
−z1 − 1√2
1√
2
 . (8.5)
The model with bd = −1/2 gives highly degenerate mass-
squared levels m2ν2 ≃ m2ν3 and a large mixing between νµ
and ντ at µ = ΛX . Therefore, the model has a possi-
bility that it can give a reasonable explanation for the
atmospheric neutrino data [16].
In Figs. 9 and 10, we illustrate the behaviors of the
mass-squared differences ∆m2ij = m
2
i − m2j in the non-
SUSY and SUSY models, respectively. As seen in Figs. 9
12
and 10, the mass-squared difference ∆m232 rapidly in-
crease according as the energy scale decreases in the
range III. The numerical results are given in Table II.
We can see that the neutrino mass ratios are invariant in
the ranges I and II.
As we stated already, the values (z1, z2, z3) (therefore,
the mass ratiosme/mµ andmµ/mτ ) are almost invariant
in the range III, while the ratio ∆m232/∆m
2
21 is rapidly
vary in the range III. Although the relations (8.3) give
∆m232 ≃ 4z21z2z3(mν0)2 and ∆m221 ≃ (z2z23)2(mν0)2, the
rapid decrease in the ratio ∆m232/∆m
2
21 does not mean
the rapid decrease in the ratio z21/z2z3. The rapid de-
crease comes from the slight deviation of the parameter
bν(µ) from the value bν(ΛX) = −1/2. The value of bf (µ)
is not invariant in the range III, although the form of
Y fS (µ), “the unit matrix plus a democratic matrix”, is
invariant. When we denote
bν(µ) = −1
2
(1 + εν(µ)) , (8.6)
the expression (8.1) is replaced with
[Y νS (µ)]
−1 ≃ − 1
ξνS(µ)
 −2εν 1 11 −2εν 1
1 1 −2εν
 , (8.7)
so that
Y νL (Y
ν
S )
−1(Y νL )
T ≃ − [ξ
ν
L(µ)]
2
ξνS(µ)
 −2ενz21 z1z2 z1z3z1z2 −2ενz22 z2z3
z1z3 z2z3 −2ενz23
 .
(8.8)
Therefore, the mass eigenvalues in the range III are given
by
mν1 ≃ −2(1 + 3εν)z21mν0 ,
mν2 ≃ −
[
z2z3 −
(
1− z3
2z2
)
z21 + εν
]
mν0 , (8.9)
mν3 ≃
[
z2z3 +
(
1 +
z3
2z2
)
z21 − εν
]
mν0 ,
instead of (8.3), and the mass squared differences ∆m221
and ∆m232 are given by
∆m221 ≃ (z2z3)2(mν0)2 ,
∆m232 ≃ 4z2z3(z21 − εν)(mν0)2 . (8.10)
Note that the approximate expression (8.19) tell us that
∆m232(µ) takes a zero between µ = ΛX and µ = ΛS be-
cause εν(ΛX) = 0 < z
2
1(ΛX) ≃ z21(ΛS) < εν(ΛS), e.g.,
εν(ΛS) = 7.3× 10−2 and z21(ΛX) ≃ z21(ΛS) ≃ 2.6× 10−4
for the non-SUSY and εν(ΛS) = 1.1 × 10−2, z21(ΛX) ≃
2.1×10−4 and z21(ΛS) ≃ 2.6×10−4 for the SUSY model.
In fact, we can see this at a point which is very close to
µ = ΛX in Figs. 9 and 10. Thus, the value of ∆m
2
32(µ) is
highly sensitive to the value of εν(µ), although ∆m
2
21(µ)
is not so.
In general, since the mixing angle θ23 is given by
sin 2θ23 ≃ 2(Mν)23
mν3 −mν2 , (8.11)
the mixing angle θ23 in the conventional democratic type
neutrino mass matrix model is sensitive to the energy
scale [17], because ∆m232(µ) has a large energy scale de-
pendency. In contrast to the conventional model, the
mixing angle θ23 in the present model does not so dras-
tically vary. The reason is as follows: the neutrino mass
matrix Mν in the present “democratic” seesaw model is
not democratic, i.e., the form ofMν is given by Eq. (8.2).
In fact, the present model gives not mν2 ≃ mν3, but
mν2 ≃ −mν3, so that the evolution effect on U23 is not
so sensitive as seen in Eq. (8.11).
As seen in Table II, the model can fit the value ∆m232
to the atmospheric neutrino data [16] (∆m232)observ =
3.2× 10−3 eV2 by adjusting the value of ΛS , but it can-
not give any explanation of the solar neutrino data [18],
because of ∆m221 ≫ ∆m232 ≡ ∆m2atm. We must intro-
duce a further mechanism for the explanation of the so-
lar neutrino data, for example, as discussed in Ref. [19].
However, since the purpose of the present model is not
to propose a plausible neutrino mass matrix model in the
framework of the USM, but to see the characteristic fea-
tures of the neutrino mass matrix evolution in contrast
to the conventional seesaw model. Therefore, we do not
touch the numerical fitting furthermore.
IX. CONCLUSIONS
In conclusion, we have investigated the evolutions of
the quark and lepton mass matrices Mf (f = u, d, ν, e)
in the universal seesaw model with detMF = 0 in the
up-quark sector F = U .
The assumptions which have made in the present paper
are classified into the following three categories:
(A) Basic assumptions in the universal seesaw model with
detMU = 0;
(B) Basic assumptions in the democratic seesaw model
[4,5] (we have taken the model as a more concrete one of
the universal seesaw model with detMU = 0 in order to
give an explicit evaluation of the universal seesaw model);
(C) Tentative assumptions for convenience of the numer-
ical evaluation.
The assumptions in the category (A) are as follows:
(A1) SU(3)c × SU(2)L× SU(2)R×U(1)Y ×U(1)X gauge
symmetries with the symmetry breaking pattern (2.1);
(A2) Hypothetical heavy fermions F = (U,D,N,E)
which belong to (1, 1) of SU(2)L × SU(2)R and acquire
masses of the order of ΛS at the energy scale µ = ΛS
except for U3L and U3L.
In the present model, therefore, the quark and charged
lepton mass matricesMf (f = u, d, e) and neutrino mass
matrix Mν are given by
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Mf = Y
f
L (Y
f
S )
−1(Y fR )
†(ΛLΛR/ΛS) , (9.1)
Mν = Y
ν
L (Y
ν
S )
−1(Y νL )
T (Λ2L/ΛS) , (9.2)
except for the top quark, where ΛL = 〈φ0L〉, ΛR = 〈φ0R〉
and ΛS = 〈Φ0〉. The evolutions below µ = ΛS are de-
scribed by the RGE (3.12) and (3.13) for the seesaw op-
erators. On the other hand, the top quark mass mt(µ)
given by the expression (3.18) is still described by RGE
(3.6) for the Yukawa coupling constants below µ = ΛS.
Although the heavy fermions F do not contribute to the
evolutions below µ = ΛS , the third family “would-be”
heavy up-quark U3 can contribute to the RGE even be-
low µ = ΛS . However, as far as the H
f
KL (F = ν, e)
and HeKR terms in the lepton sectors are concerned, the
would-be heavy quark U3 cannot contribute to those, so
that the forms of the mass matrices Mν(µ) and Me(µ)
are invariant below µ = ΛS .
The assumptions in the category (B) are as follows:
(B1) At a unification scale µ = ΛX , the Yukawa cou-
pling constants Y fL and Y
f
R have the same form, i.e.,
Y fL (ΛX) = Y
f
R (ΛX) ≡ Y fLR(ΛX).
(B2) At µ = ΛX , the heavy fermion mass matrices MF
(therefore, the Yukawa coupling constants Y fS ) [and also
the Majorana masses ML (MR) of the neutral fermions
NL (NR)] take a simple diagonal form (5.1), the form “
the unit matrix pulse a democratic matrix”, on the basis
on which the Yukawa coupling constants Y fLR(ΛX) are
diagonal. Then, the form (5.1) is invariant under the
evolution in the range III.
(B3) The values of the parameter bf in the matrix Y
f
S
given by Eq. (5.1) are given by be = 0, bν = −1/2 and
bu = −1/3 at µ = ΛX . (The value bd is kept as a free
parameter in order to fit the up- and down-quark masses
and CKM matrix parameters reasonably.)
In this model, the top quark mass mt(µ) is given by
(5.15). The behavior of mt(µ), i.e., ξ
u
L(µ), is given in
Figs. 1 and 5 for the non-SUSY and SUSY models, re-
spectively. We can obtain the constraint on the values of
the intermediate energy scales ΛR and ΛS by considering
that the model should be calculable perturbatively. In
the non-SUSY model, since ΛS/ΛR ∼ 102 from the ratio
mt/mc, we find the constraint
1010 GeV < ΛS < 10
19 GeV , (9.3)
for ΛX ∼ 1016 GeV. In the SUSY model, the results
highly depend on the input parameter tanβ. From the
numerical study, we obtain the constraints
3 < tanβ < 4 , (9.4)
1010 GeV < ΛS < 10
19 GeV , (9.5)
for ΛX ∼ 1016 GeV. (The above numerical results are
slightly dependent on the assumptions stated below, but
the dependence is not so large.)
The assumptions in the category (C) are as follows:
(C1) For convenience of the numerical evaluation,
g2L(µ) = g2R(µ) has been assumed. Then, we can as-
sert Y fL (µ) = Y
f
R (µ) in the range III (ΛS < µ ≤ ΛX) as
we have shown in Eq. (4.8).
(C2) For evaluation of the non-SUSY model, the initial
condition
ξuLR(ΛX) = ξ
d
LR(ΛX) = ξ
e
LR(ΛX) = ξ
ν
LR(ΛX) (9.6)
has been assumed together with the initial condition
(3.5), i.e.,
ZuL/R = Z
d
L/R = Z
e
L/R = Z
ν
L/R . (9.7)
However, since there is no solution of the parameter val-
ues for the SUSY model under such a constraint (9.6),
the constraint corresponding to (9.6) in the SUSY model
has been loosened as
ξuLR(ΛX) = ξ
d
LR(ΛX) 6= ξeLR(ΛX) = ξνLR(ΛX) , (9.8)
although the initial condition (9.7) has still been required
in the SUSY model.
(C3) For the non-SUSY model, we have assumed
ξuS(ΛX) = ξ
d
S(ΛX) 6= ξeS(ΛX) = ξνS(ΛX), but, for the
SUSY model, we have assumed that each value of ξfS(Λ)
may be different among them, because the previous
condition is too strong for the SUSY model and the
up↔down symmetry is already broken due to the fac-
tor tanβ 6= 1 in the SUSY model.
In the conventional model for quark and charged lep-
ton masses (i.e., not seesaw model), the following approx-
imate relations are satisfied in the non-SUSY and SUSY
models:
(mu/mc)L
(mu/mc)X
≃ (md/ms)L
(md/ms)X
≃ (me/mµ)L
(me/mµ)X
≃ (mµ/mτ)L
(mµ/mτ )X
≃ 1 ,
(9.9)
(mu/mt)L
(mu/mt)X
≃ (mc/mt)L
(mc/mt)X
≃ 1 + εu , (9.10)
(md/mb)L
(md/mb)X
≃ (ms/mb)L
(ms/mb)X
≃ 1 + εd , (9.11)
|Vcb(ΛL)|
|Vcb(ΛX)| ≃
|Vub(ΛL)|
|Vub(ΛX)| ≃
|Vtd(ΛL)|
|Vtd(ΛX)| ≃ 1 + εd , (9.12)
where (mu/mc)L denotes mu(ΛL)/mc(ΛL), and so on.
The relations (9.9)-(9.12) are due to that the Yukawa
coupling constant yt of the top quark in the conventional
model is very large compared with the other Yukawa
coupling constants. In the present model, as seen in
Figs. 7 and 8, the relations (9.9)-(9.12) are also satis-
fied in the range I (ΛL < µ ≤ ΛR) (so that we read the
14
relations (9.9)-(9.12) as X → R). The values of εu and
εd are approximately given by εu ∼ εd for the non-SUSY
model, and by εu ≃ −3εd for the SUSY model. In the
range II (ΛR < µ ≤ ΛS), the relations (9.9)-(9.12) are
slightly broken. In the SUSY model, the values show not
εu ≃ −3εd, but εu ∼ εd in the range II. However, in the
model with ΛL/ΛR ≫ 1, which is required in order to
make the neutrino masses tiny, the evolution effects in
the range II are not so large, so that we can regard that
the relations (9.9)-(9.12) are still satisfied in the range
ΛL < µ ≤ ΛS , i.e.,
Du(ΛL) ≃ mt(ΛL)
mt(ΛS)
(1 + εu)(1− εuS)Du(ΛS) , (9.13)
Dd(ΛL) ≃ mb(ΛL)
mb(ΛS)
(1 + εd)(1− εdS)Dd(ΛS) , (9.14)
V (ΛL) ≃ (1+ εV S)V (ΛS)(1+ εV S)− 2εV VtdS , (9.15)
where Du = diag(mu,mc,mt), Dd = diag(md,ms,mb),
and S is defined by Eq. (4.9). In the present model, the
value of εV is not always given by εV ≃ εd because of the
presence of the range II.
Also in the ranges I and II, differently from the con-
ventional seesaw model (for example, see Ref. [2]), the
neutrino mass ratios and mixing angles are not affected
by the evolution effects:
mνi(ΛL)/mνj(ΛL)
mνi(ΛS)/mνj(ΛS)
≃ 1 , (9.16)
Vij(ΛL)
Vij(ΛS)
≃ 1 . (9.17)
Note that the relation (9.16) does not mean
∆m2ij(ΛL)/∆m
2
ij(ΛS) ≃ 1. However, the ratio
∆m221/∆m
2
32 is again invariant in the ranges I and II.
In the range III (ΛS < µ ≤ ΛX), the relations (9.9)-
(9.12) [(9.13)-(9.15)] and (9.16)-(9.17) are not satisfied
at all. For example, the behavior of ∆m232(µ) is highly
sensitive to the value εν(µ) and is given by Eq. (8.10). In
other words, the differences of the numerical behaviors of
the quark masses, CKM matrix parameters and neutrino
mass squared differences from those in the conventional
model are substantially formed in the range III.
Note that the mass ratios me/mµ and mu/mc are
almost constant (although the ratio mu/mc is slightly
changed in the SUSY model), so that the phenomenolog-
ically well-satisfied relation (1.14) still holds under the
evolutions.
For the neutrino mass matrix Mν , we have investigate
the model with bν(ΛX) = −1/2, which leads to a large
mixing sin2 θ23 ≃ 1. Although the mass-squared differ-
ence ∆m232(µ) is highly sensitive to the energy scale µ
in the range III (ΛS < µ ≤ ΛX), the mixing angle θ23
is not sensitive to the energy scale. In contrast to the
conventional seesaw neutrino mass matrix, note that the
present neutrino mass matrixMν is form-invariant below
µ = ΛS, so that the neutrino mass ratios and mixings are
invariant below µ = ΛS .
In the present paper, we have assumed SU(3)c ×
SU(2)L × SU(2)R × U(1)LR × U(1)X symmetries above
µ = ΛS . As seen in Figs. 1 and 5, in general, the rapid
increasing of the Yukawa coupling constant Y uL (µ) causes
above µ = ΛS , although we have been able to find a set of
the reasonable parameter values without having the Lan-
dau pole below µ = ΛX . The rapid increasing is mainly
due to the rapid increasing of the gauge coupling con-
stant g1 above µ = ΛS . If we want to build a unification
model with a unified gauge symmetry G, we may consider
that the U(1) symmetry is embedded into the unified
symmetry G. (For example, see an SO(10)L × SO(10)R
model [20], where SO(10)L × SO(10)R is broken into
[SU(2)×SU(2)′×SU(4)]L× [SU(2)×SU(2)′×SU(4)]R.)
Then, the gauge structure above µ = ΛS is different from
the present model, so that the evolutions will be also
different from the present results. (Of course, the evo-
lutions below µ = ΛS are still the same as those in the
present paper.) It is likely that the gauge structure above
µ = ΛS is different from the present model. Our next
task is to investigate what gauge structure above µ = ΛS
is promising for a unified description of the quark and
lepton masses and mixings.
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Appendix
In Secs. 4 and 5, the coefficients of RGE (3.6), (3.12)
and (3.13) have been given only for the case of non-SUSY
scenario with one SU(2)-doublet Higgs scalar. In the
present Appendix, we give the coefficients of RGE in the
minimal SUSY scenario.
[Range III]
T uA = T
ν
A = 3Tr(Y
u
AY
u†
A ) + Tr(Y
ν
AY
ν†
A ),
T dA = T
e
A = 3Tr(Y
d
AY
d†
A ) + Tr(Y
e
AY
e†
A ), (A.1)
GuA =
13
6
g21 + 3g
2
2 +
16
3
g23 + g
2
X ,
GdA =
7
6
g21 + 3g
2
2 +
16
3
g23 + g
2
X ,
GνA =
9
6
g21 + 3g
2
2 + g
2
X , (A.2)
15
GeA =
27
6
g21 + 3g
2
2 + g
2
X ,
HuA = 3Y
u
AY
u†
A + Y
d
AY
d†
A ,
HdA = 3Y
d
AY
d†
A + Y
u
AY
u†
A ,
HνA = 3Y
ν
AY
ν†
A + Y
e
AY
e†
A , (A.3)
HeA = 3Y
e
AY
e†
A + Y
ν
AY
ν†
A ,
T uS = T
ν
S = 3Tr(Y
u
S Y
u†
S ) + Tr(Y
ν
S Y
ν†
S ),
T dS = T
e
S = 3Tr(Y
d
S Y
d†
S ) + Tr(Y
e
SY
e†
S ), (A.4)
GuS =
8
3
g21 +
16
3
g23 + 3g
2
X ,
GdS =
2
3
g21 +
16
3
g23 + 3
2
X ,
GνS = 3g
2
X , (A.5)
GeS =
18
3
g21 + 3g
2
X ,
HfS = 2Y
f
S Y
f†
S , (A.6)
where A = L,R and f = u, d, ν, e.
[Range II]
T uA = 3Tr(Y
u
ASY
u†
A ), (A.7)
GuA =
13
6
g21 + 3g
2
2A +
16
3
g23, (A.8)
HuA = 3Y
u
ASY
u†
A , (A.9)
T uK = 3Tr(Y
u
L SY
u†
L + Y
u
RSY
u†
R ),
T dK = T
e
K = 0, (A.10)
GuK = G
d
K = G
e
K =
9
2
g21 +
9
2
(g22L + g
2
2R), (A.11)
HuKA = H
d
KA =
2
3
YASY
u†
A ,
HeKA = 0, (A.12)
T νK = 6Tr(Y
u
L SY
u†
L ), (A.13)
GνK =
9
2
g21 + 9g
2
2L, (A.14)
HνKL = 0, (A.15)
where A = L,R.
[Range I]
T uL = 3Tr(Y
u
L SY
u†
L ), (A.16)
GuL =
13
15
g21 + 3g
2
2A +
16
3
g23 , (A.17)
HuL = 3YuSY
†
u , (A.18)
T uK = 3Tr(Y
u
L SY
u†
L ),
T dK = T
e
K = 0, (A.19)
GuK = G
d
K = G
e
K =
9
10
g21 +
9
2
g22L, (A.20)
HuKL = H
d
KL =
2
3
Y uL SY
u†
L ,
HuKR = H
d
KR = 0, (A.21)
HeKL = H
e
KR = 0,
T νK = 6Tr(Y
u
L SY
u†
L ), (A.22)
GνK =
9
10
g21 + 9g
2
2L, (A.23)
HνKL = 0. (A.24)
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TABLE I. Quantum numbers of the fermions f and F and Higgs scalars φL, φR and Φ for
SU(2)
L
× SU(2)
R
× U(1)
LR
× U(1)
X
.
IL3 I
R
3
1
2
YLR X I
L
3 I
R
3
1
2
YLR X
uL +
1
2
0 + 1
6
0 uR 0 +
1
2
+ 1
6
0
dL − 12 0 + 16 0 dR 0 − 12 + 16 0
νL +
1
2
0 − 1
2
0 νR 0 +
1
2
− 1
2
0
eL − 12 0 − 12 0 eR 0 − 12 − 12 0
UL 0 0 +
2
3
+ 1
2
UR 0 0 +
2
3
− 1
2
DL 0 0 − 13 − 12 DR 0 0 − 13 + 12
NL 0 0 0 +
1
2
NR 0 0 0 − 12
EL 0 0 −1 − 12 ER 0 0 −1 + 12
φ+L +
1
2
0 + 1
2
− 1
2
φ+R 0 +
1
2
+ 1
2
+ 1
2
φ0L − 12 0 + 12 − 12 φ0R 0 − 12 + 12 + 12
Φ0 0 0 0 +1
TABLE II. The squared mass difference ∆m2ij = m
2
νi −m2νj . The values of the input parameters are the same as in Figs. 9
and 10. The absolute values of |∆m2ij | should not be taken rigidly, because we can adjust those by the value of ΛS .
non-SUSY model SUSY model
at µ = ΛL at µ = ΛS at µ = ΛX at µ = ΛL at µ = ΛS at µ = ΛX
|∆m232| [eV2] 2.39 × 10−3 9.32 × 10−3 3.49× 10−4 2.72× 10−3 2.51× 10−3 4.08 × 10−4
|∆m221| [eV2] 1.83 × 10−2 7.15 × 10−1 7.67× 10−2 1.35× 10−2 1.25× 10−2 1.01 × 10−2
|∆m232/∆m221| 1.30 × 10−1 1.30 × 10−1 4.56× 10−3 2.02× 10−1 2.02× 10−1 4.04 × 10−2
|V23|2 0.485 0.485 0.500 0.478 0.478 0.500
|V12|2 0.00484 0.00484 0.00471 0.00492 0.00492 0.00466
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FIG. 1. Behaviors of ξu(µ) in a non-SUSY model for
the cases (a) ΛS = 10
6 GeV, (b) ΛS = 10
9 GeV, (c)
ΛS = 10
12 GeV, and (d) ΛS = 10
15 GeV. The input values
are mt(mZ) = 181 GeV and ΛS/ΛR = 107.
16 18 20 22 240.6
0.8
1
1.2
1.4
ms / mb
β d
md / ms
|Vus|
   
     
FIG. 2. Predictions of md/ms, ms/mb and |Vus|, and
their dependency on the parameters bd and βd. Here, the
mass ratios are denoted in the unit of the corresponding ob-
served values which are quoted from Ref. [10]. The dashed,
solid and dotted lines denote bd = −1.1, −1.2 and −1.3, re-
spectively.
70 80 90 100
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0.34
δd3 (degree)
(Σ i
≠j|V
ij|2 )
1/
2
FIG. 3.
∑
i6=j
|Vij(ΛX)|2 versus δd3(ΛX).
70 80 90 1000.001
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|V i
j|
|Vus|
δd3 (degree)
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|Vtd|
FIG. 4. Predicted values of the CKM matrix parameters
|Vij(mZ)| versus the parameter δd3(ΛX). Other input values
of the parameters are ΛS = 3 × 1013 GeV, ΛS/ΛR = 107,
bd = −1.2 and βd = 19.2◦.
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FIG. 5. Behaviors of ξu(µ) in a SUSY model for the cases
(a) ΛS = 10
6 GeV, (b) ΛS = 10
9 GeV, (c) ΛS = 10
12 GeV,
and (d) ΛS = 10
15 GeV. The input values are mt(mZ) = 181
GeV, ΛS/ΛR = 38 and tan β = 3.5.
5 10
140
160
180
tan β
m
t (G
eV
) (a)
(b)
FIG. 6. The top-quark mass mt(mZ) versus tan β in
a SUSY model. The solid and broken lines denote the
cases with the initial conditions (a) ξuL(ΛX) = 2.0 and (b)
ξuL(ΛX) =
√
4pi = 3.54, respectively. The other input values
are ΛS = 6 × 1013 GeV and ΛS/ΛR = 38. The horizontal
solid and broken lines denote the center and lower values of
the observed top quark mass at µ = mZ , respectively.
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m
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f i (
Λ X
)
me, mµ, mτ
mu,c
µ (GeV)
mb
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FIG. 7. Behaviors of mfi (µ)/m
f
i (ΛX ) (f = u, d, ν, e;
i = 1, 2, 3) in the non-SUSY model. The dotted, broken and
solid lines denote the first, second and third fermion masses,
respectively. The input parameter values are ΛS = 3 × 1013
GeV, ΛS/ΛR = 107 and bd(ΛX) = −1.2ei19.2◦ .
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FIG. 8. Behaviors of mfi (µ)/m
f
i (ΛX ) (f = u, d, ν, e;
i = 1, 2, 3) in the SUSY model. The dotted, broken and
solid lines denote the first, second and third fermion masses,
respectively. The input parameter values are ΛS = 6 × 1013
GeV, ΛS/ΛR = 38, tanβ = 3.5 and bd(ΛX) = −1.2ei19.4◦ .
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FIG. 9. Behavior of |∆m2ij(µ)| in the non-SUSY model.
The input parameter values are the same as in Fig. 7 with
ξνA = ξ
e
A (A = L,R, S).
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FIG. 10. Behavior of |∆m2ij(µ)| in the SUSY model. The
input parameter values are the same as in Fig. 8 with ξνA = ξ
e
A
(A = L,R, S).
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